1. Introduction. The aim of this paper is to study Galois embedding problems associated with central extensions of the alternating group with kernel a cyclic group. If n = 6, 7, the nontrivial double cover 2A n of the alternating group A n is the universal central extension of A n and so, if
is a nonsplit central extension of the alternating group A n with kernel a cyclic group C m of order m, we have a commutative diagram
where the morphism j is injective.
We identify 2A n with j(2A n ) and note that if {x s } is a system of representatives of A n in 2A n , we can take it as a system of representatives of A n in mA n and so mA n is determined modulo isomorphisms. In the cases n = 6, 7, we denote by mA n the extension of A n fitting in the commutative diagram (1) .
Let now K be a field of characteristic different from 2, K a separable closure of K, and G K the absolute Galois group of K. Let f be an irreducible polynomial in K [X] , of degree n ≥ 4 and with squared discriminant, L a splitting field of f contained in K and G = Gal(L|K). Let E = K(x), for x a root of f in L. We consider G as a subgroup of A n by means of its action on the set of K-embeddings of E in K. For mG the preimage of G in mA n , we consider the embedding problem
Now, if the embedding problem
is solvable, any embedding problem (2) is solvable. On the other hand, we know that the obstruction to the solvability of (3) is given by the Hasse-Witt invariant w(Q E ) of the quadratic form trace Q E = Tr E|K (X 2 ) ( [5] , Th. 1). Moreover, if it is solvable, the solutions can be computed effectively (cf. [1] ).
If now m = 2 r l, with (l, 2) = 1, then mA n is the direct product of C l and 2 r A n . Therefore, if L|K is a Galois extension with Galois group G, the general solution to the embedding problem mG → G Gal(L|K) will be the composition L.M , for L the general solution of the embedding problem 2 r G → G Gal(L|K) and M |K running over the Galois extensions with Galois group C l .
From now on, we assume then that m = 2 r . That is, we consider embedding problems of the type
In the case r = 2, we gave in [3] a criterion for the solvability of the embedding problem (4) and an effective way of computation for the solutions.
We note that if the embedding problem 2 
On the other hand, the alternating groups A 4 and A 5 are subgroups of the projective linear group PGL(2, C) and the diagram
is commutative. The fact that the cohomology group H 2 (G K , C * ) is trivial, for K a global or local field, gives that, for a given Galois realization L|K of the group A n , with n = 4, 5, the embedding problem (4) is solvable, for r sufficiently big.
In the sequel, we give a criterion for the solvability of the embedding problems (4), and an explicit way of computing the solutions. We make a further study of the case µ 2 r−1 ⊂ K in Section 3 and of the case r = 3 in Section 4.
General case.
The next proposition shows that solving the embedding problem (4) can be reduced to solving an embedding problem with kernel C 2 .
L|K) is solvable if and only if there exists a Galois extension
In this case, the set of solutions to the considered embedding problem is the union of the set of solutions to the embedding problems 2
runs over the extensions with the conditions given above.
Now, L is a solution to the embedding problem 2
For this embedding problem, the obstruction to the solvability is the product of the obstructions to the solvability of the embedding problems 2G → G Gal(L|K) and C 2 r → C 2 r−1 Gal(K 1 |K). For the first, as noted above, it is w(Q E ) and for the second e * (b). Let us now assume that there exists a Galois extension K 1 |K with the conditions as in the proposition, and let L 1 = L.K 1 . We consider the embedding problem 2
Gal(L 1 |K). The obstruction to its solvability is w(Q E ) ⊗ e * (b) = 1 and, if L is a solution, we have a commutative diagram
and so, L is a solution to the embedding problem 2
Now, if the element b is the second Stiefel-Whitney class of some orthogonal representation of the group C 2 r−1 , the element e * (b) can be computed effectively by means of a formula of Fröhlich (cf. [4] , Th. 3). Assuming that this is the case, we will give an explicit method of computation of the solutions.
We denote by 1 the orthogonal representation of the group G obtained by embedding A n in the special orthogonal group SO(Q 1 ) of the standard quadratic form in n variables. Let 2 : 
denotes the spinor norm. The obstruction to the solvability of the embedding problem C 2 r → C 2 r−1
Gal(K 1 |K) is then given by w(Q 2 ) ⊗ w(Q 2, 2 ), where Q 2, 2 is the twisted form of Q 2 by 2 . Moreover, for the orthogonal representation := 1 ⊥ 2 , we have sw( ) = sw( 1 ) ⊗ sw( 2 ) ([4], (1.7) ) and Q := Q E ⊥ Q 2, 2 is the twisted form of Q := Q 1 ⊥ Q 2 by .
Let C(Q) and C(Q ) be the Clifford algebras of the quadratic forms Q and Q , let
Let n be the dimension of the orthogonal space of the form Q, and e 1 , e 2 , . . . , e n an orthogonal basis. We are under the conditions of [2] , Theorem 1 and so, we can state
The 
general solution to the considered embedding problem is then
L = L 1 ( √ rγ),
G → G Gal(L|K) is solvable if and only if there exists an element a in
We have K 1 ∩ L = K and the obstruction to the solvability of the embedding problem
, (7.10)). So we obtain the result by applying Proposition 1.
We will now see how to compute the solutions to the embedding problem in this case. We assume w(Q E ) = (ζ, a) for an element a in K and let
Let 1 be the orthogonal representation G → A n → SO n (Q) and = 1 ⊥ 2 . The twisted form of Q by is then Q = Q E ⊥ 2, −2, a, −ζa, a, −a and the solvability of the embedding problem 2
Gal(L 1 |K) implies w(Q ) = w(Q). We can then apply the results obtained in [2] . Let  (x 1 , . . . , x n ) be a K-basis of E, and {s 1 , . . . , s n } the set of K-embeddings of E in K.
Let M ∈ GL(n + 6, L 1 ) be the matrix 
Then the general solution to the embedding problem
P r o o f. We consider the isomorphism of quadratic spaces associated with the matrix P and take the isomorphism g in Theorem 1 to be the extension of this isomorphism to the Clifford algebras. Then it is enough to compute the element z as in [1] , Theorem 4.
4.
Extensions with kernel C 8 . The next proposition gives the obstruction to the solvability of the considered embedding problem in the particular case r = 3.
Proposition 3. The embedding problem 8G → G Gal(L|K) is solvable if and only if there exist elements a and b in
P r o o f. We note that an extension K 1 |K with Galois group C 4 is given by a polynomial X
, with a and b as in the proposition. By embedding C 4 in S 4 and using [4] , Theorem 1, we conclude that the obstruction to the solvability of the embedding problem
We will now see how to compute the solutions to such an embedding problem. We assume that we are under the conditions of the proposition and let K 1 |K be the extension given by the polynomial X 4 + aX 2 + b, and Q K 1 its quadratic trace form. We observe that 8A n is the pullback of the diagram
where the vertical arrow is obtained by sending a generator of C 4 to the element (1234)(56) of A 6 . We then take 2 : C 4 → A 6 → SO(Q 2 ), for Q 2 the standard quadratic form in 6 variables. We have Q 2, 2 = Q K 1 ⊥ 2, 2b and so
Now, we can apply the results obtained in [1] . We consider the matrix
We now assume K = Q and let q = r 2 (E) + r 2 (K 1 ) + sg(b), where r 2 (E) (resp. r 2 (K 1 )) is the number of nonreal places of E|Q (resp. K 1 |Q) and sg(b) = 0 (resp. 1) if b > 0 (resp. b < 0). We have that the signature of Q is (n + 6 − q, q) and, by comparing Q with
, we see that the solvability of the embedding problem
We now come back to the general hypothesis that K is any field of characteristic different from 2 and, applying [1] , Theorems 4 and 5, we obtain
. Let K 1 be the splitting field of the polynomial
, with q ≡ 0 (mod 4). Let P ∈ GL(n + 6, K) such that P t (Q )P = (Q q ).
(a) If q = 0, the solutions to the embedding problem
and where the element γ is given as a sum of minors of the matrix M P as in [1] , Theorem 5. 
